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For reasonable spaces (including topological manifolds) X, Y, we characterize compact subsets 
of the space of continuous maps from X to Y, topologized with the fine (Whitney) Co-topology. 
In the case of smooth manifolds, we characterize also compact subsets of the space of C’ maps 
in the Whitney C’ topology. 
1. Introduction 
Let C(X, Y) denote the set of continuous maps from the space X to the space 
Y %(X, Y) denotes C(X, Y) topologized with the Whitney, or, fine topology 
(definitions are provided below). C”(X, Y) denotes C(X, Y) topologized with the 
compact-open topology (the topology of uniform convergence on compact subsets). 
The inclusion %(X, Y) L, C”(X, Y) is a continuous map, and in case X is compact, 
CO(X, Y) = qx, Y). 
The space %‘(X, Y) (and by extension, V(X, Y), the Whitney, or fine topology 
on the space of C’ maps between smooth manifolds X, Y) occurs naturally in 
Differential Topology and in Analysis. A good review of the fine topology and its 
applications can be found in Cerf [l], Hirsch [3], Mather [4]. 
In case X is not compact, the topology of the space %(X, Y) is not very well 
understood. In general ‘+5(X, Y) is not first countable: U(X, Y) is a regular space, 
but it does not seem to be known whether %(X, Y) is normal or paracompact, even 
in the case that X, Y are manifolds. 
The purpose of this paper is to analyze compact subsets of %(X, Y) in the case 
that Y is a metric space and X is a HausdorfI, locally compact Lindelljf space. This 
includes the important case when X, Y are topological manifolds. In Theorem 2.1, 
we determine exactly when a compact set of C”(X, Y) is compact in %(X, Y). We 
also discuss the compact subsets of %‘:‘(X, Y), r E (0, 1,2,. . . , s} in case X, Y are 
C’-manifolds. 
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2. Stationary maps 
Let ( Y, d) be a metric space, X arbitrary. Let (K”)“=, be a locally-finite countable 
cover of X by compact sets, and let (E,),~, be a sequence of positive reals. To each 
f E C(X, Y) let Ur= U(f; (K,): (E,)) be the set of maps, 




The topological space %(X, Y) is C(X, Y) endowed with the (Whitney) topology 
generated by the sets { I$}, for all f~ C(X, Y) and all sequences (E,),,,, (K,),,, 
as above. We suppose now X is Hausdorff, locally compact and Lindeliif. It is 
well-known that X = UT=“=, Vi, where the Vi are open, oi compact and Ui c Vi+, 
for each i. Setting K, = o,, K2 = 02,, Ki = Gi - Ui-2, iz3, this gives a countable, 
locally finite cover of X by compact sets, with which ones easily verifies that %(X, Y) 
is Hausdorff and a regular space. In order to avoid trivial cases in what follows, it 
is supposed in addition that X is not compact. 
It is easily proved [3, p.401 that if a sequence (Jn)nzl in %‘(X, Y) has a limit point 
ge ‘%(X, Y), then there is an integer n and a compact set K c X such thatf,(x) = 
g(x) for all x E X - K and m 2 n. Our main result, Theorem 2. I is based on a 
generalization of this to the case that g is a point of accumulation of the sequence 
(f”)“=, (lemma 2.2 below). This generalization does not follow automatically from 
the above since %(X, Y) is in general not first countable (indeed, there are examples 
of a sequence in %(X, Y) with the property that no subsequence converges to a 
point of accumulation of the sequence). 
Forf; gc C(X, Y), define A(l; g) =sup{n 2 11 K, n {xjf(x) # g(x)} fi 0). Also set 
A(Jf)=O for all f~ C(X, Y). In particular, A(f,g)=co if for each compact set 
K c X,f, g do not coincide on X -K. One easily verifies that, 
A(f; h)~sup{A(f, s), A(g, h)l. (2.1) 
Define f-g if and only if A(f, g) <co. Employing (2.1), one concludes that this 
relation is an equivalence relation. Denote by S(f) the equivalence class off E 
C(X, Y). Let S”(jJ = {gc C(X, Y)] A(f, g) s n}, n =0, 1,2,. . . . Evidently S(f) = 
u, S”(f). 
Notation. S(f) is called the stationary component of f; and S,(f) is called a 
uniformly stationary component off; n = 1,2,3, . . . . 
Lemma 2.1. S(f) and S,(f) are closed in %‘(X, Y). 
Proof. We prove the lemma for S(f). The proof for S,(f) is similar and simpler, 
and is thus omitted. It is equivalent to prove that the complement of S(J) is open. 
Let h E %(X, Y) be such that h IZ S(j). There is an increasing sequence of integers 
(ni)i*lr limkm ni = 00, and a sequence of points in X, (Xi E K,,)i, ,, such that for each 
i, fCxi) f h(xi). 
D. Spring / Compactness in the fine lopology 91 
Let 
Ej = 1 ifjg {n,}; 
En, =fd(f(xi), h(xi)), i = 1,2,3,. . . . 
Evidently, the neighbourhood U( h ; (K,); (E,)) of h does not meet S(f) ; i.e., the 
complement of S(f) is open. 
Lemma 2.2. Let g = (fn)nal be a sequence in %(X, Y), and let g E %(X, Y) be a point 
of accumulation of 3. Then there is an integer p and a subsequence of 5, all of whose 
elements are in S,(g). 
Proof of Lemma 2.2. We prove the lemma in the contrapositive form: If If”} n S,(g) 
is finite (or empty) for all pa 0, then g is not a point of accumulation of 2. 
There is no loss of generality in assuming { fn} n S,(g) = 0. For each integer n 3 I, 
let x, E X be selected such that f”(x,) f g(x,) according to the prescription: 
(i) if A(fn, g) = 03, choose x, E Ki, with i > n. 
(ii) if A(f,,g)=pal, choose x,,E& 
Since {f”} n S,(g) is finite for all p, one easily concludes that Kj contains only 
finitely many of the points of the sequence (x,),,,,j = 1,2,3, . . . . For each j, let 
Aj={nIx,E Kj}. Let cj = 1, if Aj is empty; .sj =inf{id(f,(x,), g(x.))( n E A,}, other- 
wise. Then U = U(g ; ( Kj) ; (ej)) is a neighbourhood of g in %‘(X, Y) such that 
{ fn} n U = 0. consequently g is not an accumulation point of 5. This completes the 
proof of the lemma. 
Recall that a Hausdorf? space Q is countably compact if and only if every sequence 
in Q has an accumulation point in Q ([2], p. 229). A compact space is countably 
compact. 
Proposition 2.1. Let Q c %(X, Y) be countably compact. Then there are afinite number 
ofmapshjEQ,j=1,2,_3 ,... N, and an integer p such that: 
Qc(7{s,(hj)Ij=1,2,...,N}. 
Proof. (a) We prove first of all the Q has non-vacuous intersection with at most 
finitely many stationary components in %(X, Y). Suppose on the contrary, that Q 
contains a sequence 8 = (fn)na, such that: If m # n, then A(fm, fn) = 3~. 
Let g E Q be an accumulation point of g. Employing Lemma 2.2, there are distinct 
integers n, m such that A(f”, g) and A( fm, g) are both finite. Since J( f., fm) < 
sup{A(f,, g), A( fm, g)} this is impossible; hence (a) is proved. 
(b) It is now proved that if Qn S( h) # 0, there is an integer p = p( h) such that 
Q n S(h) = Q n S,(h). Evidently the Proposition follows from (a), (b). Suppose on 
the contrary that there is a sequence 5 = (h,),,, in Q n S(h) such that 
lim,,, A(h,, h) = CO. Since S(h) is closed, it follows that the sequence (h,,),*, has 
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an accumulation point g in Q n S(h). Furthermore, from Lemma 2.2, there is an 
integer p and a subsequence (h,,)j,, of 2 all of whose elements are in S,(g). Let 
A(g,h)=N. Then, A(h,,h)~sup{A(h,,g), Ak,h)l~sup{p, N},j=1,2,3,.... 
This is impossible since lim,,, A(h,, h) = 00; hence the Proposition is proved. 
Remark 1. One easily verifies that for each integer p and g E U(X, Y) the subspace 
S,(g) is a metric space and therefore is paracompact. Note that for paracompact 
spaces, countable compactness is equivalent to compactness ([2], p. 230). The 
following corollary to the Proposition therefore obtains: 
Corollary. In %(X, Y), countable compactness is equivalent to compactness. 
Remark 2. It is clear that for each integer p and g E C(X, Y) the topology on the 
subspace S,(g)c U(X, Y) coincides with the topology on the subspace S,(g)= 
cqx, Y). 
Employing Proposition 2.1, one obtains the following characterization of compact- 
ness sets in %(X, Y). 
Theorem 2.1. Q c U(X, Y) is compact if and only if the following properties obtain: 
1) There are a finite number of maps hi E Q, j = 1,2,3, . . N, and an integer p such 
that Q~U{S,(hj)lj=1,2,3 ,... N}. 
2) Q c C”(X, Y) is compact. 
The following theorem is useful in the context of k-spaces. 
Theorem 2.2. Let P be a compact, connected, topological space. A map A : P + %‘:( X, Y) 
is continuous if and only if the following conditions obtain: 
1) A : P + C”(X, Y) is continuous. 
2) There is a map h E C(X, Y) and integer n such that A(P) c S,(h). 
Proof. Suppose A: P-t U(X, Y) is continuous. Applying Theorem 2.1, there are a 
finite number of maps hj E A(P), j = 1,2,3, . . . N and integer n such that: 
I\(P)4J{S,(h,)lj= 1,2,3 ,... N}. 
One may furthermore suppose that S( h,) n S( h,) = 0 if j # k Note that Sp( hi) n A(P) 
is compact, j = 1,2,3,. . . N. 
Thus it follows that the connected compact set A(P) c Sn(hj) for exactly one 
integer jc { 1,2,3,. . . N}. Evidently, then, conditions l), 2), are necessary. 
Sufficiency of these conditions follows from the Remark preceding Theorem 2.1. 
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3. The fine C-topology 
I . 
Let X, Y be C’-manifolds, s E (0, 1,2,3, . . . , co}. ‘e’(X, Y) is the set of C’ maps 
from X to Y topologized with the Whitney, or fine C’-topology [I], [3], [4], [5], 
rE{O,1,2,3 ,..., s}.’ C’(X, Y) is the set of C’-maps from X to Y, topologized with 
the compact-open C’-topology [2], [6], r E (0, 1,2,3,. . . , s} (the topology of uniform 
convergence on compact sets of derivatives of order <r (in case r is finite)). 
The inclusion %‘( X, Y)-, C’(X, Y) is continuous and the inclusion %‘(X, Y)-, 
%?‘(X, Y) = %(X, Y) is continuous. (3.1) 
By (3.1) and the Corollary to Proposition 2.1, it follows that in Vr( X, Y), countable 
compactness is equivalent to compactness. 
Let QC %‘(X, Y) be compact. Since QC %(X, Y) is compact, it follows from 
Theorem 2.1 that there are a finite number of maps hj E Q, j = 1,2,3, . . . IV, and an 
integer p such that: 
Q~U{S,,(hj)]j=1,2,3 ,... N}. 
Employing (3.1) and (3.2), Theorem 2.1 generalizes as follows: 
(3.2) 
Theorem 3.1. Let X, Y be C’-manifolds, s E (0, 1,2,3, . . . ,a}. Let Q c T“(X, Y), 
rE{O,1,2,3 ,... s}. Q is compact tf and only if the following conditions obtain: 
1) There are a finite number of maps hj E Q, j = 1,2,3, . . . N, and an integer p such 
that: 
QcU{S,(hj)Ij= 1,2,3,. . . N}. 
2) Q c C’(X, Y) is compact. 
Remark. The definition of the fine C’-topology, r finite, is the obvious generalization 
of the Co-topology to the case of C’ maps. However there are two natural definitions 
of the fine C”-topology in the literature. The fine C”-topology defined in J. Cerf 
[1], C. Morlet [5], is finer than the fine C”-topology (known as the C’-Whitney 
topology) used by J. Mather in his series of papers on the stability of C” mappings 
(in [3], Hirsch defines the fine Cm-topology in the same way as J. Mather [J]). Since 
the inclusion relations (3.1) are valid in case r = co (for either definition of the fine 
Cm-topology), one obtains the following corollary to Theorem 3.1. 
Corollary 1. Let X, Y be P-manifolds. Qc %‘“(X, Y) (the P-topology of Cerf- 
Morlet) is compact if and only if Q c %‘:“(X, Y) (the P-Whitney topology) is compact. 
To illustrate, let X = R”, Y = R”, n, m 5 1: 0: R” + R” is the constant map equal 
to zero. In the fine Cm-topology defined by Cerf-Morlet, S(O)= %“(R”, I?“) is the 
’ Cf. the Remark following Theorem 3.1. 
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space 9 (C” mappings with compact support) defined in Schwartz [7]. One may 
prove that the C”-Whitney topology on S(0) is not as fine as 9. . - 
The next corollary to Theorem 3.1 provides an alternative proof to a well-known 
result in linear functional analysis [7]. 
Corollary 2. A subset Q c 5? is compact if and only if there is a compact subset K c R” 
such that: 
1) The support of each map in Q is contained in K. 
2) QC C”(R”, W”) is compact. 
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